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Among theoretical issues in General Relativity the problem of constructing its Hamilto- 
nian formulation is still of interest. The most of attempts to quantize Gravity are based 
upon Dirac generalization of Hamiltonian dynamics for system with constraints. At the 
same time there exists another way to formulate Hamiltonian dynamics for constrained 
systems guided by the idea of extended phase space. We have already considered some 
features of this approach in the previous MG12 Meeting by the example of a simple 
isotropic model. Now we apply the approach to a generalized spherically symmetric 
model which imitates the structure of General Relativity much better. In particular, 
making use of a global BRST symmetry and the Noether theorem, we construct the 
BRST charge that generates correct gauge transformations for all gravitational degrees 
of freedom. 

O i 

As a rule, Hamiltonian formulation for gravity is constructed following to the Dirac scheme 
[TJ |2] and is a starting point for most attempts to quantize gravity. However, there are some rea- 
sons to doubt that Dirac Hamiltonian formulation for gravitational theory [3] can be thought as 
an equivalent one to the original General Relativity. Indeed, in Einstein formulation of General 
Relativity go^ components of metric tensor (/x = 0,l,2,3) are treated on an equal basis with the 
rest of components, gij = 1, 2, 3). The theory is invariant under gauge transformations that 
touch all metric components. In the Dirac approach only components with their conjugate 
momenta are included into phase space, the transformations for this variables are generated 
by constraints. In fact, the original General Relativity and the Dirac formulation are theories 
with different groups of transformations. We can think of it as a considerable mathematical 
indication that Lagrangian and Hamiltonian formalism appear to be non-equivalent for the full 
theory of gravity. Moreover, the algebra of constraints in Dirac phase space does depend on 
parametrization of gravitational variables. It creates a serious obstacle to find an algorithm to 
construct a generator that would give correct transformations for all gravitational variables in 
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the limits of the Dirac approach [I] . The situation is essentially the same in the Batalin - Frad- 
kin - Vilkovisky (BFV) approach [S1E1E]- The central part in the BFV approach is given to the 
BRST charge. In the BFV approach the form of the BRST charge is determined by constraints 
algebra. It is not surprising that it does not generates correct gauge transformations for all 
gravitational degrees of freedom. At the same time, the existing of a global BRST symmetry 
enables us to propose another method based upon the Noether theorem and the equivalence of 
Lagrangian dynamics and Hamiltonian dynamics in extended phase space. 

Our purpose is to construct Hamiltonian dynamics in extended phase space for a generalized 
spherically symmetric gravitational model which is free from the shortcomings mentioned above 
and can be proved to be completely equivalent to its Lagrangian formulation. We shall follow to 
the ADM parametrization [8] . Under the condition of spherical symmetry the metric is reduced 
to 



ds 2 



-N 2 (t, r) + (N r (t, r)) 2 V 2 (t, r)\ dt 2 + 2N r (t, r)V 2 (t, r)dtdr 
+ V 2 (t,r)dr 2 + W 2 (t,r)(d9 2 + sin 2 6 dtp 2 ) . (1) 



where N r = A^ 1 is the only component of the shift vector. In this model we have two gauge 
variables A" and N r which are fixed by two gauge conditions in differential form which introduce 
missing velocities into the effective Lagrangian: 

N=^Lv + -^W: N r = ^-V+^W. (2) 

av aw ' av aw y } 

We shall consider the Faddeev - Popov effective action including gauge and ghost sectors 
as it appears in the path integral approach to gauge field theories. To get field equations it 
is much easier to make use of the Lagrangian which is quadratic in first derivatives of metric 
components and ghosts and can be obtained by omitting total derivatives. 

S [dt 1 dr ( VWW | VW 2 N'W'W N(W') 2 NV W'WVN r 



\ N 2N V 2V 2 N 

o x 

WW'VW WWV'N r WWV(N r )' WW'V'(N r ) 2 WW'VN r (N r )' 
N N N + N + N 

+ — 2iv — + * N { N -dv v -aw w ) +7rNT { N -av v -aw w ) 
+ e Q e r ( n' — %v - M^w'] +6o( N9° - NN r (e°y - %vN r {e°y 

\ dV aw \ dV 



N r e° - + (N r ) 2 ) (e°y + e r - N r {e r y + (N r ye r 



v 2 

|^ (vN r (9°y + v(o r y + ve r ) - ^we 



inr 



(3) 



2 



Variation of the effective action yields the Einstein equations with additional terms resulting 
from the gauge-fixing and ghost parts of the action, as well as ghost equation and gauge 
conditions. Introducing of the missing velocities by means of the differential form of gauge 
conditions enables us to construct a Hamiltonian by the usual rule 



H= f dr (P N N + P N rN r + P V V + P W W + Pgod + 9 P h + P r9 r + 9 r Pg r - L 



(4) 



and derive Hamiltonian equations in extended phase space. An explicit form of the Hamiltonian 
function, Lagrangian and Hamiltonian equations can be found in [9]. 

The first step to construct the BRST charge according to the Noether theorem is to find a 
BRST invariant form of the action. In the case of gravity we deal with space-time symmetry, 
and we should take into account explicit dependence of the Lagrangian and the measure on 
space-time coordinates. We should use a gauge invariant form of gravitational action and add 
to the action the following term containing only full derivatives and not affecting Lagrangian 
equations: 
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The resulting BRST charge is 
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H is a Hamiltonian density in fl4]). The group of transformations generated by fl6]) includes 
the group of gauge transformations for all gravitational degrees of freedom. The proposed 
approach is applicable to any constrained system and can be considered as a preliminary step 
to subsequent quantization of the model. 
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